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Achieving acceptable plane wave uniformity throughout an expanded volume is 
necessary to conduct scattering measurements on a large target in a controlled 
environment.  An expanded volume is large relative to the size of the nearfield array 
configuration used to produce plane wave uniformity.  The optimum set of shading 
coefficients for a nearfield array may not produce acceptable plane wave uniformity as 
the volume and frequency domain are expanded for a given array configuration. 
Choosing the frequency domain as a single frequency for an optimum set of 
coefficients will produce plane wave uniformity throughout the largest possible volume 
for a given array configuration.  This study determines the acceptability of uniformity 
results produced by an optimum set of frequency dependent coefficients throughout an 
expanded volume for two array configurations that comprise a system for measuring 







Acceptable plane wave uniformity produced by an optimum set of shading 
coefficients for a nearfield array is dependent on the chosen volume and frequency 
domain for a given array configuration.  A nearfield array needs to be designed for a 
volume that is expanded to be large relative to the size of the array configuration.  
Nearfield arrays are not generally designed for such volumes and little guidance exists 
as to the tradeoff between uniformity and volume size. 
 A nearfield array system designed for making bistatic scattering measurements 
was installed in the tank facility in the MRDC II Building at the Georgia Institute of 
Technology.  The system is comprised of a planar transmitting array and a cylindrical 
receiving array.  The tank environment and available equipment limit the size of the each 
array configuration.  The expected size of the scattering target sets the volume size.  
Both nearfield array configurations need to be capable of producing a signal with 
frequency content between 3 kHz and 6 kHz that is uniformly planar throughout the 
volume. 
This study determines, evaluates, and implements optimized coefficients that will 
produce a uniformly planar wave within the chosen volume for two array configurations.  
The uniformity of the transmitted/received pressure field produced by the near field 
arrays using these coefficients are simulated and verified experimentally.   
This scope of this study is limited to the volume and frequency domain needed 
for a specific application using two array configurations.  The results will serve as a 
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benchmark for the acceptability of uniformity produced by an optimum set of shading 
coefficients as the volume is expanded to be large relative to the array.  The study will 
also be useful in the future design of nearfield arrays that will further improve the field 
uniformity of such volumes.  
Using frequency dependent coefficients makes the plane wave uniformity directly 
dependent on the chosen volume.  Consequently, the spatial domain is allowed to 
expand until it reaches the limits of acceptable uniformity at each frequency.  The 
frequency domain is comprised of frequencies for which the frequency dependent 
coefficients achieve acceptable plane wave uniformity for a given spatial domain. 
Plane wave uniformity produced by an optimum set of shading coefficients for the 
nearfield array is simulated and compared to a previous benchmark to determine 
acceptability.  The nearfield array is implemented and the performance of the optimum 








Scattering measurements are used in many applications such as sonar, 
ultrasonics, nondestructive testing, and mine detection.  Acoustic scattering occurs when 
sound is generated in a variety of directions from an obstacle or inhomogeneity in the 
path medium of a sound wave (Pierce, 1989).  The obstacle or inhomogeneity differs 
from the propagation medium in density and/or sound speed to create an impedance 
discontinuity.  At this discontinuity, the incident wave is reflected, transmitted, and 
diffracted resulting in a scattered pressure field.  The scattered field created by the 
object can be measured by taking the difference between the total pressure field in the 
presence of the scattering object and the “incident pressure” field in the absence of the 
scattering object or the free field.  The scattered field is dependent on the frequency 
content of the incident signal, the geometry of the object, and the acoustical properties of 
the object and fluid medium.  Low frequencies scatter much less than high frequencies 
except when resonances are excited (Pierce, 1989). 
Acoustic scattering measurements are used to gain information about a scatterer 
such as position, geometry, and composition.  These measurements are often made in 
the far field of the scatterer where the directivity pattern and waveform are independent 
of the distance from the object.  For large scatterers or long wavelengths, the necessary 
distance to reach the far field is beyond the limits of typical tank environments.   
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Far field measurements for large objects can be made in lakes but are subject to 
reflections from the surface and bottom, and in many cases, fish.  These reflections can 
be reduced with baffles, directional measuring transducers, sound absorbers, and pulse 
techniques.  However, these corrective measures are less effective with increasing 
wavelength (Trott, 1964).  The lack of, and difficulty of building, a homogeneous medium 
large enough for making farfield measurements has led to several methods for 
synthesizing far field results from measurements made in the near field of the object. 
 
2.2 Nearfield Array 
Nearfield receiving arrays are used to approximate the farfield radiation or 
scattering response from data gathered in the nearfield of an object that acoustically 
radiates or scatters.  To approximate the farfield response, shading coefficients are 
applied to each transducer positioned in the array.  The shading coefficients are 
optimized to fit the pressure field produced by the array to a uniform plane wave 
pressure field within a specified volume.  By reciprocity, applying these shading 
coefficients to radiated or scattered signals originating from within the volume and 
summing the signals approximates the farfield signal in the opposite direction. 
The foundation for nearfield arrays was laid by Trott (Trott, 1964) and Van Buren 
(Van Buren, 1973).  Trott introduced the nearfield array concept and produced 
successful broadband results with amplitude shaded transducers.  Trott’s shading 
coefficients were obtained with reciprocity methods applicable to linear or planar arrays.  
Van Buren then derived a more general reciprocity principle that allows for both 
amplitude and phase shading for near field arrays of any spatial configuration. 
In Van Buren’s derivation there is a tradeoff between the uniformity of the 
pressure field produced by the shading coefficients and the size of the frequency and 
spatial domain used in the optimization of the coefficients.  Achieving acceptable plane 
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wave uniformity throughout the volume and frequency domain is dependent on the ability 
of optimized coefficients to accurately transform the pressure field produced by an 
unshaded array of point sources to that of a plane wave.  The range of pressure 
variation produced by an unshaded array of point sources generally increases with 
larger spatial and frequency domains.  As the pressure variations increase it becomes 
increasingly difficult for a set of coefficients to create a good plane wave. Accordingly, 
the near field array becomes decreasingly uniform. 
In the design of a nearfield array, the spatial domain is generally minimized to 
tightly fit the object and a frequency independent set of coefficients is utilized.  The 
frequency domain is determined by the desired frequency content in the plane wave.  
The volume or frequency domain can then be adjusted for the coefficients depending on 
the uniformity that is produced compared to that which is acceptable.  This method has 
been widely used since it is simple to find and implement a single set of coefficients that 
are effective over a fairly broad frequency domain.  This design has worked well for 
nearfield arrays that calibrate small transducers.  Acceptable uniformity is achieved over 
a broad frequency domain by using an array configuration that is large relative to the 
volume containing the object of interest.  For larger objects, however, few environments 
exist that are large and controlled enough to accommodate an array that is relatively 
large compared to the object.  Larger arrays are also more expensive.  A design that 
maintains uniformity throughout a large volume without scaling the array size is desired 
for scattering measurements on large objects. 
 
2.3 Nearfield Array Theoretical Design Methods 
Concepts have been developed and tested for a number of array configurations 
that produce a plane wave for various volumes and frequency ranges.  These methods 
are described and some experimental results are documented in Table 2.1. 
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2.3.1 DRL Method 
The Defense Research Laboratory method (Horton, 1961) is based on the 
Helmholtz integral equation formulation.  The Helmholtz integral equation formulation 
approximates the farfield from measurements of the acoustic pressure at a large number 
of densely spaced points on a closed surface surrounding the object.  This method 
assumes that plane wave conditions exist locally on the surface.   With this assumption, 
measurements of the corresponding particle velocities at each point are avoided.  
Consequently, this assumption affects the accuracy and limits the applicability of this 
method to objects with smooth surfaces. 
 
2.3.2 The NFCA Concept 
The Trott nearfield calibration array (NFCA) concept uses an array of reciprocal 
transducers arranged in a square or circular grid (Trott, 1964).  These transducers are 
shaded with real coefficients to produce a nearly uniform plane wave volume in the near 
field of the array.  This method is limited to linear or planar arrays and is not optimized 
for a specific spatial and frequency domain.  The coefficients are effective over a broad 
frequency domain.  At each frequency in the domain the planar volume moves and 
changes size and shape. 
 
2.3.3 Derivation of the Reciprocity Principle 
Van Buren provides a derivation of the NFCA reciprocity principle based on the 
Helmholtz integral formulation (Van Buren, 1972).  With this derivation, an optimum set 
of shading coefficients can be determined for any configuration with a prescribed plane 
wave direction, volume, and frequency domain.  The optimum set of shading coefficients 
are produced using a least squares fit to a plane wave over space and frequency. 
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2.3.4 Localized Waves 
Localized waves (Hernandez, 1994) are propagated by the synthesis of driving 
functions of an array.  The driving functions are optimized to produce a resulting field 
that approximates a desired field.  The driving functions are formed using a frequency 
dependent set of shading coefficients that are optimized for each frequency contained in 
the desired field.  Frequency dependent optimized sets of coefficients produce highly 
uniform results since the frequency domain and volume are minimized.   
 
2.3.5 Expanded Volume Optimization 
The method used to determine shading coefficients in this study is similar to that 
used by Van Buren and for localized waves.  The method used to determine coefficients 
is a least squares optimization that determines coefficients which approximately fit the 
pressure produced by an array of point sources to the pressure desired in a selected 
volume.   
The difference between what is done in this study and other similar methods lies 
in the volume and frequency domain selection.  In Van Buren’s method, the volume and 
frequency domain are typically chosen to be moderately broad as long as the frequency 
independent coefficients produce acceptable uniformity.  Conversely, the volume and 
frequency domain are chosen to be very small for localized waves to produce a highly 
uniform waveform using frequency dependent coefficients.  For this study, the frequency 
domain is minimized and the volume is large relative to the array size.  By using 
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3.1 Environment & Equipment 
The environment and equipment available to create the array are described. 
 
3.1.1 Tank Environment 
The Near Field Bi-static Scattering Measurement System is implemented in the 
tank facility in the MRDC II building at Georgia Tech shown in Figure 3.1.  The tank 
measures 12 meters north to south, 7.7 meters east to west, and 7.7 meters in height.  
The water depth is typically maintained at approximately 7 meters.  The body of water is 
made maximally quiescent by shutting down the tank circulation pump during 
measurements.  Temperature is stable but stratified. 
 
 
Figure 3.1 Tank Setup 
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3.1.2 Positioner 
The positioner shown in Figure 3.2 is situated above the tank.  The range of the 
positioner is 3.2516 meters north to south, 3.9973 meters east to west, and 
approximately 3 meters vertically.  The positioner can also rotate 360 degrees.  The 
positioner frame can translate for a range of 6.8 meters north to south. 
 
 
Figure 3.2 Postioner 
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3.1.3 Target and Volume Selection 
The target is a one sixteenth approximate scale model of a submarine hull shown 
in Figure 3.3.  The model is comprised of a cylindrical shell with spherical caps at both 
ends.  The shell measures 2.27 meters in length and 0.635 meters in diameter.  A large 
plate with a rotator anchors the target, which is buoyant.  The rotator allows full rotation 
in the azimuth angle as well as vertical positioning.  The plane wave volume size and 
shape is chosen such that the target can be completely rotated.  It is a cylinder with a 
radius of 1.5 meters and a height of 1 meter. 
 
 
Figure 3.3 Target 
 
3.1.4 Array Lines 
The transmitting array consists of an array of individual vertical line arrays 
forming a planar array.  An individual line array is shown in Figure 3.4.  Each line array 
contains 26 reciprocal transducers spaced 12 centimeters apart.  Each transducer is a 
capped piezoceramic cylinder measuring 1.8 centimeters in length and 1.2 centimeters 
in diameter with a thickness of 0.004 in.  The elements are given a real shading using 
capacitors, which is discussed in section 3.1.6.  Each transducer is isolated from the 
structural frame of the line array by a rubber disk.  The frame is covered with a clear 
plastic tube and filled with castor oil. 
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Figure 3.4 Line Array 
 
The array lines were rebuilt to replace deteriorating opaque jackets and check for 
damage.  Each line array was tested for consistent capacitance.  The connectors were 
replaced and the lines were covered with clear plastic tubing and filled with castor oil.  A 
vacuum and heating system was used to remove air from the oil during the filling 
process.  After assembly, the lines were calibrated to get consistent output. 
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3.1.5 Line Calibration 
The lines are calibrated to produce consistent output for the same input.  A 
calibration transfer function is created to transform the experimental output to input ratio 
for each line to the fitted output to input ratio.  The calibration transfer function and fitted 
output to input ratio are used to determine the necessary voltage input signal to produce 
the desired pressure output for each line array.  Experimental data and fitted data is 
shown in Figure 3.5.  
 
 





The transducers volume changes in proportion to the driving voltage.  The 
pressure produced by a transducer is proportional to the acceleration of the transducer 
or the second derivative of the voltage.  The output of a line array is the summation of 
the shaded elements and should resemble a derivative of the input voltage in the sweet 
spot of the line array.  The sweet spot of the line array is a square meter cross section 
that is centered on the array and the edge of the cross section is offset one meter from 
the line array. 
 
3.1.6 Transducers 
Transducers contained in a line array are shown in Figure 3.6.  The resonance 
frequency of each transducer is 70 kHz which is well above the operational frequency 
range of the transmit array.  The transducers are wired in parallel with real shading 
applied by hard-wired series-connected capacitors acting as voltage dividers.  The 
shading coefficients are fixed and preexisting.  The coefficients were determined such 
that each line individually produces a cylindrical wave in the vicinity of its midplane.  The 




Figure 3.6 Transducers at the end of a Line Array 
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1, 26 0.263 
2, 25 0.390 
3, 24 0.538 
4, 23 0.626 
5, 22 0.721 
6, 21 0.792 
7, 20 0.853 
8, 19 0.897 
9, 18 0.939 
10, 17 0.954 
11, 16 0.970 
12, 15 0.974 
13, 14 0.991 
 
3.2 Planar Array Design Methods 
The transmit array shown in Figure 3.7 is used to create the incident field for 
scattering measurements.  It is a planar array consisting of 32 individual lines.  The lines 
are vertically oriented and equally spaced in the horizontal direction.  The transmit array 
is intended to produce a planar wave in the direction normal to the array.  The angle of 
incidence on the target can be changed by rotating the target. 
 
 
Figure 3.7 Planar Array in the Tank Facility 
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The lines are positioned using a large frame suspended from trolleys that roll on 
I-beams.  The frame has 50 slots for line arrays equally spaced at 0.117 meters.  The 
field interaction between lines in close proximity is minimal because the transducers in 
the line are high impedance elements.  The received signal from a line array producing a 
pressure signal in close proximity to another line is observed to be small relative to the 
signal used to drive the line and thus the pressure load on the elements in each line is 
negligible.  Trolleys allow the array to move in the north-south direction of the tank.  The 
frame is comprised of “acoustically transparent” materials to minimize scattering or 
radiation.  The materials are thin-walled PVC, nylon, and polypropylene.   
Input pulses for each line are loaded using a LabVIEW graphical user interface 
which communicates with the VXI to transmit voltage signals from a digital analog 
converter (DAC).  The signals are then run through a power amplifier module that has a 
measured gain of 26.02 dB at 100 Hz.  The amplifier has a monitor output and a gain 
output for each of 44 input channels. 
 
3.3 Cylindrical Array Design Methods 
The receive array is used to gather the scattering measurements.  It is a 
synthetic aperture created by rotating a line array at a constant radius of 2 meters.  
Nearfield data is received at 90 equally spaced positions in a circle (arclength spacing = 
0.14 radians) surround the volume.  Data at 30 consecutive positions is used to for the 
synthesized cylindrical array.  Moving the starting position of the array through each of 
the 90 positions allows the array to cover the full azimuth angle.  At each of the 90 
positions the array is used to approximate the farfield signal in four directions centered 
on the array and spaced at 1° increments.  The array thus approximates the beam 
pattern at a 1° resolution over 360°. 
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The radius of the cylindrical array is constrained by the positioner range.  The 
range of the positioner is 3.2516 meters in the north-south direction and 3.9973 meters 
in the east-west direction.  For a cylindrical array diameter greater than 3.2516 meters, 
measurements for the full azimuth angle cannot be obtained without moving the 
positioner or target relative to the array.   
 
Figure 3.8 Cylindrical Array Positions 
 
The east-west dimension limits the maximum radius for the cylindrical array.  To 
expand the north-south range, the positioner can be shifted in the north-south direction.  
Figure 3.8 shows a top view of the rectangular area covered by the positioner and the 
cylindrical line array positions outside the volume.  The volume contains objects at 
positions that will be used to represent the target.  The line array positions that are 
circled can be collected for one setup and the remainder of the points can be collected 
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after moving the positioner.  This introduces a potential geometry error for one set of 
measurements relative to the other. 
 
3.4 Modeling of Array & Determination of Optimum Shading Coefficients 
The array model is discussed and translated into an equation that is used to 
determine the shading coefficients.  The optimization and formation of a transfer function 
are then explained. 
 
3.4.1 Derivation 
The transducers in each array are treated as point sources.  This model is valid 
as long as the signal wavelength transmitted is much larger than the transducer 
dimensions.  The model also assumes an infinite medium and does not include the 
boundaries present in the tank.  This creates a limited time window that is available.  The 
worst-case window is approximately 2 milliseconds for the planar array and 0.5 
milliseconds for the cylindrical array.  Experimentally, the time window is much larger in 
most cases.  This is due to the directivity of the transmit array as well as the lack of 
rigidity of the closest boundaries.  Modeling the boundaries using the method of images 
can potentially expand the time window.   




 is designated by the index of each line n and element q within that line.  The 
position 
mfield
r  is determined for each randomly chosen point m in the volume.  The 





−=  (1) 
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The pressure produced by a near field array with known element shadings α 
within each line and optimized line shadings β for each line at each random point m at a 





















where k is the wave number and 
ninput
F̂  is the frequency content of the input signal to 
each line.  It is important to note that the element shadings α cannot be controlled.  The 
element shadings α are real and shown in Table 3.1.  Only the line shadings β are 
optimized.   
The desired pressure field is a sinusoidal plane wave at a frequency ω in the 






eFP *)()(ˆ)(ˆ ωωω −=  (3) 
 
desiredF̂  is the frequency content of the desired signal in the field.  To determine the line 
shadings, the pressure produced by the nearfield array is set equal to the reference 
output wave for the same field point and frequency.  
ninput
F̂  is set equal to desiredF̂  to solve 
for the set of frequency dependent shading coefficients that are necessary to change 
























Given an array configuration and a prescribed plane wave direction, frequency 
domain, and volume, a set of equations is generated.  Using this set of equations a 
multiple linear regression is used to solve for the optimum set of line shading coefficients 
β. 
 
3.4.2 Multiple Linear Regression 
The optimum set of line shading coefficients β is determined using a multiple 
linear regression or least squares optimization.  A frequency independent set of shading 
coefficients can be found for a chosen frequency domain Ω and volume V.  Random 
choices of frequency and field points within the volume are used to form a set of M 
simultaneous linear equations.  M must be much greater than N for the over determined 
set of equations to stabilize.  Random choices are used to represent Ω and V.  The 
frequency dependent solution is approximated by performing the regression of pressures 
found at M random points in V for a single frequency ω.  The matrix formulation and 
solution using the multiple linear regression is given in Appendix A. 
Symmetry is an important aspect of the planar near field array.  Since the planar 
transmit direction is perpendicular to the array and the volume is centered on the array, 
the lines can be given symmetric shadings about the middle line arrays.  This reduces 
the computational intensity that becomes a burden for a large number of points.  The 
matrix formulation for a multiple linear regression using symmetry is given in Appendix 
B. 
A set of coefficients that are equal to zero is introduced into the optimization as a 
perturbation.  The perturbation helps to stabilize the solution.  If a set of equations is not 
included the optimization, the optimized complex solution is vulnerable to differences in 
phase that are close but differ in sign or by a factor of 2 pi.  Additionally, the perturbation 
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makes the matrix nonsingular.  Single value decomposition should be used if the 
perturbation is not included. 
    
3.4.3 Transfer Function 
Optimum sets of frequency dependent coefficients combine to form a transfer 
function.  The transfer function adjusts the magnitude and phase of the Fourier transform 
of an input signal to each line array at each sampled frequency to form the driving 
functions for each line.  The output of the array using these driving functions 
approximates the desired field in the chosen volumes. 
Alternatively, the transfer function adjusts the magnitude and phase of each 
sampled frequency of received signals such that the sum of the transformed signals 
approximate the farfield signal from objects that scatter or radiate within the chosen 
volume.  
 
3.5 Measure of Uniformity 
Uniformity is defined as the difference between the pressure created by a 
nearfield array and the reference pressure at a given point in space and at a given 
frequency.  Since the pressure is a complex number, magnitude and phase are 
evaluated separately.  The amplitude difference ∆ is measured in decibels and 

























The phase difference Φ is measured in radians and calculated at each random point m 
by  
 
( ) ( )
mm refarraym
PphasePphase ˆˆ −=Φ  (6) 
 
Uniformity throughout the volume is determined with statistical measures.  
Uniformity measures ∆ and Φ are determined at a set of random points distributed in the 
volume that is different than the set of random points used in the optimization of each set 
of shading coefficients.  The uniformity throughout the volume is estimated using a 
probability density curve based on the sample of uniformity measures at these random 
points.  Uniformity can be compared using variation from the mean based on percentiles 
or standard deviation.  Uniformity will be evaluated at 3, 4.5, 6, and 7.5 kHz for most 
cases.  These frequencies should represent the 3 to 6 kHz frequency range of interest 
for the target.  The results are tabulated for the planar and cylindrical array in Appendix 
C and Appendix D respectively. 
A probability density estimation curve is formed using a kernel smoothing 
function.  The bandwidth used in the smoothing function is 0.1 decibels and 0.01 radians 
for the magnitude and phase respectively.  The kernel smoothing function normalizes 
the area under the probability curve to equal one.  The density values are a function of 
the selected bandwidth. 
 
3.6 Comparative Benchmarks 
A benchmark of acceptable variation in pressure magnitude and phase is needed 
to compare and evaluate the uniformity throughout the expanded volume.  Uniformity 
values in Table 2.1 are adequate but each varies depending on the array design.  A 
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more applicable benchmark has been experimentally obtained for a set of shading 
coefficients using the same line arrays. 
It is also useful to simulate and compare uniformity produced by optimum 
coefficients for a typical volume.  The optimum coefficients differ in frequency domain 
chosen.  The uniformity produced by each set of coefficients can be compared to 




Previously, “acceptable” plane wave uniformity has been experimentally obtained 
using a frequency independent set of shading coefficients.   The coefficients are created 
by applying the shading coefficients used for elements within a line array to each line.  A 
shading of one is given to the centermost lines where the number of lines is greater than 
the number of elements in a line.  The line shadings are shown in Table 3.2. 
 





1, 32 0.263 
2, 31 0.390 
3, 30 0.538 
4, 29 0.626 
5, 28 0.721 
6, 27 0.792 
7, 26 0.853 
8, 25 0.897 
9, 24 0.939 
10, 23 0.954 
11, 22 0.970 
12, 21 0.974 
13, 20 0.991 
14, 19 1 
15, 18 1 
16, 17 1 
 
 24
The stated uniformity was a 2 dB variation in magnitude and 10 degrees phase 
between the 5th and the 95th percentiles for frequencies from 1.2 to 10 kHz.  The 
uniformity was for data taken at points within a cubic meter at 45 frequencies distributed 
throughout the domain.  The uniformity benchmark is used for both the planar array and 
the cylindrical array. 
A similar volume and array size to that shown in Figure 3.6 will be used to verify 
the stated uniformity of the benchmark coefficients.  The benchmark volume for the 
planar array is centered on the array and has dimensions that are one-third of the 
corresponding array dimensions (1.5 meters wide by 1 meter tall).  It is offset 1 meter 
from the planar surface of the array and is 1 meter deep.  500 random points are 
distributed throughout the volume. 
 





Figure 3.7 Probability Density Estimates of Uniformity Produced by Planar Benchmark 
Coefficients. 
 
Figure 3.7 displays the benchmark probability density estimates of uniformity by 
frequency.  Frequency independent coefficients cause frequency dependence in the 
mean of the uniformity magnitude.  The phase mean is near pi/2 for all frequencies since 
the ouput of the array is integrated relative to the input.  The variation between the 95th 
and 5th percentiles is 1.81 dB for magnitude and 0.08 radians for phase at the best 
frequency of 6 kHz.  The other frequencies are comparable which validates the stated 
uniformity.  Tables of mean, standard deviation, and percentile are provided in Appendix 
C.  Table C.8 and Table C.12 display the percentile values for ∆ and Φ produced by 
planar benchmark shading coefficients.  
 
3.6.2 Planar Array Uniformity Results for a Typical Volume 
It is useful to determine the uniformity produced by different sets of optimum 
coefficients for a typical volume to characterize the optimization for the planar array 
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configuration.  The optimum coefficients differ in the frequency domain chosen.  The 
typical volume for the planar array is the same used for the benchmark coefficients 
shown in Figure 3.6.   
Frequency independent coefficients were optimized for frequency domains of 5 
to 6 kHz and 6 to 7.5 kHz using 500 random points and frequencies.  Frequency 
dependent coefficients were optimized at each evaluation frequency for 250 points.  In 
each figure, the probability distribution estimate is determined by frequency at 3 kHz, 4.5 
kHz, 6 kHz, and 7.5 kHz. 
 
 
Figure 3.8 Probability Density Estimates of Uniformity Produced by Planar Coefficients 




Figure 3.9 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for a Frequency Domain of 6 to 7.5 kHz. 
 
As expected, the frequency independent coefficients perform better for 
frequencies within or near the frequency domain for which they are optimized.  This 
remains true as the frequency domain is expanded.  However, the uniformity begins to 
drop off.  This is well illustrated by comparing Figures 3.8 and Figure 3.9 to Figure 3.7 
where Figure 3.7 is for coefficients optimized over a larger frequency domain.  In Figure 
3.7 the uniformity is good for all frequencies.  In Figures 3.8 and 3.9 the uniformity is 
better inside or near the chosen frequency domain and worse away from the chosen 
frequency domain. 
Table C.6 and Table C.10 display the percentile values for ∆ and Φ produced by 
shading coefficients optimized for a frequency domain of 5 to 6 kHz.  Table C.7 and 
Table C.11 display the percentile values for ∆ and Φ produced by shading coefficients 
optimized for a frequency domain of 6 to 7.5 kHz. 
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Frequency dependent optimum coefficients are expected to produce the best 
uniformity at each frequency.  Thus, the frequency domain for a given spatial domain 
and array configuration is formed of frequencies corresponding to frequency dependent 
coefficients that produce acceptable uniformity results.  Figure 3.10 shows results for 




Figure 3.10 Probability Density Estimates of Uniformity Produced by Frequency 
Dependent Planar Coefficients. 
 
Frequency independent coefficients can produce uniformity that is comparable 
with that produced by frequency dependent coefficients for a typical volume over a 
limited frequency domain.  However, it is apparent that frequency dependent coefficients 
will produce acceptable uniformity over a larger frequency domain and the uniformity will 
be less comparable as the frequency domain is increased.  The uniformity typically 
begins to lessen towards the extremes of the chosen domains.  Table C.5 and Table C.9 
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display the percentile values for ∆ and Φ produced by frequency dependent optimum 
shading coefficients . 
 
3.6.3 Cylindrical Array Uniformity Results for a Typical Volume 
It is useful to determine the uniformity produced by different sets of optimum 
coefficients for a typical volume to characterize the cylindrical array configuration.  The 
optimum coefficients differ in the frequency domain chosen.  The typical volume for the 
cylindrical array is a cylinder with a 1 meter diameter and a height of 1 meter.  It is 
centered in the vertical dimension and referenced to the same cylindrical coordinate 
system used by the array.  500 random points are distributed throughout the volume. 
 
 




Benchmark coefficients for a cylindrical array are generated in the same manner 
as the benchmark coefficients for the planar array.  Additionally, a delay is added to 
each line such that the phase is aligned to a plane.  The shading coefficients for each 
line are shown in Table 3.3.   
 
Table 3.3 Line Shading Coefficients for a Cylindrical Array 
 
Line Number Coefficient 
1, 30 0.263 
2, 29 0.2883 + 0.2627i 
3, 28 0.0694 + 0.5335i 
4, 27 -0.3181 + 0.5392i
5, 26 -0.6588 + 0.2931i
6, 25 -0.7826 - 0.1218i 
7, 24 -0.6642 - 0.5352i 
8, 23 -0.3659 - 0.8190i 
9, 22 -0.0015 - 0.9390i 
10, 21 0.3369 - 0.8925i 
11, 20 0.5991 - 0.7628i 
12, 19 0.7699 - 0.5967i 
13, 18 0.8817 - 0.4523i 
14, 17 0.9394 - 0.3428i 
15, 16 0.9589 - 0.2838i 
 
Frequency independent coefficients were optimized for frequency domains of 5 
to 6 kHz and 6 to 7.5 kHz for 500 random points and frequencies.  Frequency dependent 
coefficients were optimized at each evaluation frequency for 250 random points.  In each 
figure, the probability distribution estimate is determined by frequency at 3 kHz, 4.5 kHz, 








Figure 3.13 Probability Density Estimates of Uniformity Produced by Cylindrical 
Coefficients Optimized for a Frequency Domain of 5 to 6 kHz. 
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Figure 3.14 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for a Frequency Domain of 6 to 7.5 kHz. 
 
 
Figure 3.15 Probability Density Estimates of Uniformity Produced by Frequency 
Dependent Cylindrical Coefficients. 
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The configuration has an observable effect on the ability of the optimization to 
optimize shading coefficients that produce acceptable uniformity.  Overall, the uniformity 
produced using the optimization for the cylindrical array configuration is worse than that 
produced by the optimization for the planar array configuration for the chosen evaluation 
frequencies.  For the cylindrical array configuration, the standard deviation in Table D.2 
of frequency dependent coefficients gets progressively worse as the frequency 
increases.  The frequency independent coefficients actually perform better than the 
frequency dependent coefficients at the 6 kHz evaluation.  Consequently, the frequency 
domain is limited using the frequency dependent shading coefficients for the cylindrical 









There are parameters that are adjustable in the optimization: (1) For both 
configurations, the number of random points chosen (2) The offset distance between the 
array and the volume for the planar array (3) The number of line arrays for the cylindrical 
array.  The parameters that produce the best uniformity are used to determine the final 
set of coefficients.  The default parameters are 250 random points, 1 meter offset 
distance, and 30 lines. 
 
4.1 Number of Random Points for the Planar Array 
The number of random points needed to well-represent the spatial domain is 
determined for the large cylindrical volume.  The number of random points is increased 
until the uniformity no longer significantly increases.  At this point the optimized solution 
is considered stable.  The number of random points should be kept to a minimum to 
reduce computation time and error accumulation.  The different sets of random points 




Figure 4.1 Planar Array Element Positions and Random Points in a Large Cylindrical 
Volume. 
 
The uniformity is evaluated at a different set of 1000 random points within the 
volume.  In each figure, the probability estimate is determined by the number of points 
used in the optimization and evaluated at a single frequency.  
In Figures 4.2-4.5, the uniformity does not measurably improve as the number of 
random points is increased beyond 200 for most frequencies.  The most significant 
improvement is in the phase uniformity at 4.5 kHz and 6 kHz and the magnitude 
uniformity at 7.5 kHz.  The number of random points chosen to represent the volume is 





Figure 4.2 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for Different Random Points at 3 kHz. 
 
 
Figure 4.3 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for Different Random Points at 4.5 kHz. 
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Figure 4.4 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for Different Random Points at 6 kHz. 
 
 
Figure 4.5 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for Different Random Points at 7.5 kHz. 
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4.2 Offset of Volume from the Planar Array 
The offset distance is the distance between the front edge of the volume and the 
array.  The offset distance is variable since the planar array can translate in the north 
south direction of the tank.  Changing the offset changes the spatial domain for the same 
volume size.  The effect of this offset on uniformity is observed for the distances shown 
in Figure 4.6. 
 
 
Figure 4.6 Planar Array Element Positions and Offsets for a Large Cylindrical Volume. 
 
Shading coefficients are optimized at each offset and evaluated at a different set 
of random points in the volume at the same offset.  In each figure, the probability 




Figure 4.7 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for Different Offsets at 3 kHz. 
 
 
Figure 4.8 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for Different Offsets at 4.5 kHz. 
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Figure 4.9 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for Different Offsets at 6 kHz. 
 
 
Figure 4.10 Probability Density Estimates of Uniformity Produced by Planar Coefficients 
Optimized for Different Offsets at 7.5 kHz. 
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Figures 4.7-4.10  show that there is little difference between the results for the 
optimized shadings found and evaluated at the different offset distances for the 
frequencies of 3, 4.5, 6, and 7.5 kHz.  The results get less uniform as the distance is 
increased and the smaller distances produce better results at 3 kHz.  Appendix C 
contains tables of the results.  The offset distance is chosen to be 1 meter in the final 
optimization as to not interfere with the cylindrical array. 
 
4.3 Number of Random Points for the Cylindrical Array 
The number of random points necessary to well-represent the spatial domain is 
determined for the large cylindrical volume.  The number of random points is increased 
until the uniformity no longer significantly increases.  At this point the optimized solution 
is considered stable.  Again, the number of random points should be kept to a minimum 
to reduce computation time and accumulated error.  The different sets of random points 




Figure 4.11 Cylindrical Array Element Positions and Random Points in a Large 
Cylindrical Volume. 
 
The uniformity is evaluated at a different set of 1000 random points within the 
volume.  In each figure, the probability estimate is determined by the number of points 
used in the optimization and evaluated at a single frequency.  Frequencies of 3, 4.5, and 
6 kHz are chosen as evaluation frequencies.  The results are plotted in figures 4.12-
4.14.  The uniformity is evaluated and tabulated at 7.5 kHz in Appendix D but not plotted 
since the results are unacceptable for all sets of random points.  It is unclear if further 




Figure 4.12 Probability Density Estimates of Uniformity Produced by Cylindrical 
Coefficients Optimized for Different Random Points at 3 kHz. 
 
 
Figure 4.13 Probability Density Estimates of Uniformity Produced by Cylindrical 
Coefficients Optimized for Different Random Points at 4.5 kHz. 
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Figure 4.14 Probability Density Estimates of Uniformity Produced by Cylindrical 
Coefficients Optimized for Different Random Points at 6 kHz. 
 
The uniformity continues to improve as the number of random points is increased 
through 350 for most frequencies.  The results are shown in tables in Appendix D.  The 
number of random points chosen to represent the volume is 200 since the uniformity is 
acceptable for frequencies of 3, 4.5, and 6 kHz which represent the frequency domain of 
interest. 
 
4.4 Number Lines in the Cylindrical Array 
The cylindrical array size is flexible since the array is synthesized with one line 
array measured at multiple positions.  The uniformity produced by frequency dependent 
coefficients for arrays consisting of 20, 30, and 40 lines is compared to determine the 




Figure 4.15 Cylindrical Array Sizes and Line Positions for a Large Cylindrical Volume. 
 
The uniformity is evaluated at a set of 1000 random points within the volume.  In 
each figure, the probability estimate is determined by the number of line arrays used in 
the optimization and evaluated at a single frequency.  Frequencies of 3, 4.5, and 6 kHz 
are chosen as evaluation frequencies.  The results are plotted in figures 4.16-4.18.  The 
uniformity is evaluated and tabulated at 7.5 kHz in Appendix D but not plotted since the 




Figure 4.16 Probability Density Estimates of Uniformity Produced by Cylindrical 
Coefficients Optimized for Different Array Sizes at 3 kHz. 
 
 
Figure 4.17 Probability Density Estimates of Uniformity Produced by Cylindrical 
Coefficients Optimized for Different Array Sizes at 4.5 kHz. 
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Figure 4.18 Probability Density Estimates of Uniformity Produced by Cylindrical 
Coefficients Optimized for Different Array Sizes at 4.5 kHz. 
 
Array sizes of 30 or 40 lines produce much better uniformity than an array size of 
20 lines.  It is not clear which size is better between 30 and 40 lines.  The results are 
tabulated in Appendix D.  30 lines are used in the final optimization since it is less 
computationally intensive. 
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CHAPTER V  
 
SIMULATION AND EXPERIMENTAL RESULTS 
 
 
5.1 Planar Array Transfer Function 
The contour plot in figure 5.1 displays the magnitude of the optimum set of 
frequency dependent line shading coefficients for frequencies from 2 to 14 kHz for the 
planar array configuration.   
 




The solution that is used as a benchmark has the peak magnitude at the 
centermost lines with a gradual drop to the lowest magnitude at the outermost lines.  
This is a similar solution to what is seen across the lines for a frequency between 13 kHz 
to 14 kHz in the transfer function.  In most of the rest of the frequency domain the peak 
magnitude occurs between the center and outer lines.  This is indicative that the 
coefficients are attempting to compensate for the volume being nearly as wide as the 
array. 
 
Figure 5.2 Phase of Frequency Dependent Planar Array Line Coefficients (Radians). 
 
The contour plot in figure 5.2 displays the phase of the optimum set of frequency 
dependent line shading coefficients for frequencies from 2 to 14 kHz for the planar array 
configuration.  The solution that is used as a benchmark does not shade the phase.  The 
resulting mean of the phase difference is near -1.5 radians.  The phase delay added with 
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the transfer function is mostly 1.5 radians to make the uniformity fit to zero.  The gradual 
decrease towards the edges is expected since the distance becomes a factor.  One area 
of interest is the two small pockets in the contour at lines 11 and 22 near 3 kHz where 
the phase changes quickly.  The planar array does not achieve the acceptable uniformity 
at 3 kHz and there may be a causal relationship. 
 
5.2 Simulated Field Uniformity 
The uniformity of the field produced by the nearfield array is simulated for a grid 
of points in space containing a section the chosen volume.  The grid is a square plane 
centered vertically on the array.  The grid spacing is 0.0375 meters at 81 points in each 
dimension.  The offset distance is the distance offset from the array face.  The parallel 
distance is centered on the array moving parallel to the line array positions for the planar 
array configuration.  Contour plots of ∆ and Φ show trouble spots and how the uniformity 
changes throughout the volume.  The contour plots are shown in figures 5.4-5.9 for 
frequencies of 3, 4.5, and 6 kHz.  The field is generally uniform along the parallel 
distance at each offset distance.  The majority of the variation in uniformity occurs along 
the offset distance.  The extremes of ∆ and Φ do not occur at the same offsets and 
change with frequency.  The circular geometry of the volume can be observed at the 




Figure 5.3 ∆ at Points in a Grid Containing the Optimization Volume at 3 kHz (Decibels).  
 
 
Figure 5.4 Φ at Points in a Grid Containing the Optimization Volume at 3 kHz (Radians).  
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Figure 5.7 ∆ at Points in a Grid Containing the Optimization Volume at 6 kHz (Decibels).  
 
 
Figure 5.8 Φ at Points in a Grid Containing the Optimization Volume at 6 kHz (Radians).  
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5.3 Simulated vs. Experimental Data at an Offset Distance 
The reference desired plane wave is chosen to be a Gaussian pulse with a 
center frequency of 4.5 kHz and bandwidth ratio of 0.7 as shown in Figure 5.9.  This 
signal has frequency content in the domain we are interested in.  The driving functions 
for each line are generated using the frequency dependent shading coefficients 
combined with the reference signal.  The driving functions for each line are shown in 
Figure 5.10.  The synthesis of the signals produced by the planar array using these 
driving functions at the center point of the volume is shown in Figure 5.9.   
 
 




Figure 5.10 Driving Functions for Each Line 
 
To verify the theoretical design, data is obtained experimentally and simulated at 
81 points spaced at 0.0375 meters centered on the array and offset at a constant 
distance.  The data is shown in the time and frequency domain at offset distance of 2.2, 
2.5, and 2.8 meters in Figures 5.11-5.14.  The frequency content is normalized by the 
average along the offset.  Time data is normalized by the largest overall magnitude. 
  Experimental data exhibits patterned error in uniformity throughout the 
frequency domain at all offsets.  The simulated data displays spots of non-uniformity 




Figure 5.11 Simulated Time Data Offset at 2.2 Meters Offset from the Planar Array 
 
 
Figure 5.12 Normalized Frequency Content from Simulated Time Data at 2.2 Meters 




Figure 5.13 Experimental Time Data Offset at 2.2 Meters Offset from the Planar Array 
 
 
Figure 5.14 Normalized Frequency Content from Experimental Time Data Offset at 2.2 




Figure 5.15 Simulated Time Data at 2.5 Meters Offset from the Planar Array 
 
 
Figure 5.16 Normalized Frequency Content from Simulated Time Data at 2.5 Meters 




Figure 5.17 Experimental Time Data at 2.5 Meters Offset from the Planar Array 
 
 
Figure 5.18 Normalized Frequency Content from Experimental Time Data at 2.5 Meters 




Figure 5.19 Simulated Time Data at 2.8 Meters Offset from the Planar Array 
 
 
Figure 5.20 Normalized Frequency Content from Simulated Time Data at 2.8 Meters 




Figure 5.21 Experimental Time Data at 2.8 Meters Offset from the Planar Array 
 
 
Figure 5.22. Normalized Frequency Content from Experimental Time Data at 2.8 Meters 
Offset from the Planar Array 
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5.4 Cylindrical Array Transfer Function 
The contour plot in figure 5.23 displays the magnitude of the optimum set of 
frequency dependent line shading coefficients for frequencies from 2 to 14 kHz for the 
cylindrical array configuration.  The magnitudes generally increase with frequency and 
move towards the center.  The plot is not symmetric because the shading coefficients 
are optimized in directions that is not perpendicular to the arc center of the array.   
 
 
Figure 5.23 Magnitude of Frequency Dependent Cylindrical Array Coefficients 
(Dimensionless). 
 
 The array loses the gradual slope of the outside lines and becomes chaotic 
above 8 kHz.  This indicates the frequency limit for frequency dependent shading 
coefficients that are able to be optimized to fit the pressure field.  Figure 5.23 shows the 




Figure 5.24 Phase of Frequency Dependent Cylindrical Array Coefficients (Radians). 
 
5.5 Farfield Approximation of Beam Pattern of 2 Spherical Transducers 
Two spherical transducers are used to test the receive capability of the cylindrical 
array within the volume.  The spherical transducers are spaced at 2.55 meters apart on 
a line that cuts through the center of the volume and are equidistant from the center.  
The position of the transducers at a 2.55 meter separation distance represents 
scattering from opposite edges of the volume.  The distance produces a clear difference 
in the beam pattern seen in the nearfield and farfield.  A Gaussian pulse drives each 
transducer and the drive level for one is twice the other.  Nearfield data is taken at 90 
points equally spaced in a circle with a radius of 2 meters from the axis centered on the 
volume.   
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A model of the experimental setup is created to verify the appearance of the 
farfield beam pattern.  The model represents the transducers as point sources.  The 
signal that is propagated from the point sources is characterized by frequency content in 
the shape of a sinusoid from 1 to 10 kHz, similar to that of a Gaussian signal.  Data is 
simulated for each nearfield position and a corresponding farfield postion.  For each 
evaluation frequency, the cylindrical array shading coefficients are used to approximate 
the farfield beam pattern based on the simulated nearfield data. 
Since shading coefficients are determined for 4 plane wave directions at each 
cylindrical array position, the resolution of the farfield approximation is greater than the 
nearfield data or models.  The nearfield data contains a potential error since all 90 points 
cannot be obtained without disturbing the setup using the positioner.  The potential error 
in positioning occurs between points at 32° and 36° as well as points at 132° and 136°. 
The farfield approximation of the nearfield data compares favorably with the 
farfield model.  Discrepancies are due to the differences in the model and the 
experimental setup and the error in the nearfield data.  The farfield approximation from 













Figure 5.25 Nearfield and Farfield Beam Patterns for Data at 3 kHz 
 
Figure 5.26 Nearfield and Farfield Beam Patterns for Model at 3 kHz 
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Figure 5.27 Nearfield and Farfield Beam Patterns for Data at 4.5 kHz 
 
Figure 5.28 Nearfield and Farfield Beam Patterns for Model at 4.5 kHz 
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Figure 5.29 Nearfield and Farfield Beam Patterns for Data at 6 kHz 
 
Figure 5.30 Nearfield and Farfield Beam Patterns for Model at 6 kHz 
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6.1 Analysis of Results 
 The predicted uniformity throughout the optimistic volume for the array 
configurations is mostly within the acceptable limits of 2dB magnitude and 10° phase 
between the 5th and 95th percentiles for frequencies from 3 kHz to 6 kHz.  An exception 
is the uniformity of the planar array at 3 kHz.  However, the 3 kHz frequency can be 
improved by changing the offset of the array.  
Theoretically, little uniformity loss is observed for the frequencies as the volume 
is scaled.  The magnitude loses from 0.1 dB to 0.5 dB depending on the frequency for 
the planar array.  The predicted uniformity actually improves for the cylindrical array at 
frequencies of 4.5 and 6 kHz. 
Poor estimation of uniformity for a nearfield array at a given frequency seems to 
correlate with drastic spatial changes in the values of the frequency dependent 
coefficients for magnitude or phase.  The acceptable frequency domain can thus be 
predicted by observing the contours of the magnitude and phase of the transfer function.  
Based on this assumption, the planar nearfield array will produce acceptable uniformity 
throughout the volume at higher frequencies than the cylindrical nearfield array.  
However, the planar nearfield array will have trouble around 3 kHz where the cylindrical 
nearfield array should perrform acceptably. 
 The experimental data taken at each offset for the planar array contains a pattern 
of error in uniformity that differs from the simulated data in the frequency domain.  The 
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error is angled and more widespread across the frequency domain  for the experimental 
data.  The error in the experimental data is due to the differences between the 
implemented planar array and the array model.  There is error in the position of each line 
array, in the relative calibration for each line, and in the sound speed of the tank relative 
to the estimated value of 1500 m/s.  Reflections and noise in the tank also contribute to 
the error in the experimental data.   
Random position errors and a sound speed of 1481 m/s were used in a 
simulation to determine the potential size and nature of discrepancies between the 
experimental and simulated data.  The effect of these errors was found to be minimal.  
The Gaussian pulse used to collect experimental data has been chosen to reduce 
reflections from tank surfaces.  Averaging was used to improve the signal to noise ratio.  
The calibration of each line and the effect of reflections remain as a potential sources of 
error.   
 The error in the farfield approximation of beam patterns for nearfield data is due 
to the error in the positioning when the setup is moved.  If the setup does not need to be 
moved, the beam pattern is symmetrical as demonstrated by the farfield approximation 
from the nearfield model. 
 The current setup should give reasonable results for scattering experiments 
based upon the individual assessments of each array configuration.  The experimental 
data has a uniformity of ±1 dB for a majority of the sampled field points and frequencies.  
The approximated farfield beam pattern from the nearfield experimental data matches 
what is expected based on the farfield model.  The level of uniformity produced by this 
design may not be acceptable in all instances.  However, the uniformity can be 
maintained at the benchmark magnitude and phase levels for an optimistic volume using 
a frequency dependent optimization. 
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6.2 Recommendations for Future Work 
The uniformity of the planar nearfield array using the current set of coefficients 
can be improved with a more accurate calibration of each line array.  An improved set of 
coefficients can be produced with the help of an accurate measure of the speed of 
sound in the tank.  The most accurate optimization can be done using experimental data 
at random points in the volume.  The effect of reflections may be reduced by optimizing 
the coefficients using a model that incorporates the method of images. 
Many variables whose optimization might improve the uniformity results were 
constrained.  For example, the optimization might be improved by increasing the spacing 
between line arrays to widen the array.  A wider array should produce better results 
since the volume is nearly as wide as the array.  Future work is recommended for the 
planar array configuration to better understand how decisions of element spacing affect 
the uniformity in a large volume.  Results for different designs are also recommended to 
provide additional guidelines. 
The uniformity of the volume may be limited by the real shadings used in the line 
arrays.  Allowing these shadings to be complex should add to the uniformity produced by 
the lines when used in a planar or cylindrical array.    
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APPENDIX A: MULTIPLE LINEAR REGRESSION 
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The regression solution is then found by 
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APPENDIX C: STATISTICS TABLES FOR PLANAR ARRAY 
 
 
Table C.1 Mean of ∆ throughout a Small Volume 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz 
Frequency Dependent -0.05 0.03 -0.06 0.01 
5-6 kHz 11.88 3.86 -1.86 -6.44 
6-7.5 kHz 15.86 7.76 2.13 -2.32 
Benchmark 70.79 62.76 56.92 52.46 
 
 
Table C.2 Standard Deviation of ∆ throughout a Small Volume 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz 
Frequency Dependent 0.58 0.50 0.44 0.47 
5-6 kHz 0.60 0.50 0.52 4.23 
6-7.5 kHz 1.42 0.71 0.47 0.60 
Benchmark 0.76 0.58 0.55 0.64 
 
 
Table C.3 Mean of Φ throughout a Small Volume 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz 
Frequency Dependent -0.05 0.03 -0.06 0.01 
5-6 kHz 11.88 3.86 -1.86 -6.44 
6-7.5 kHz 15.86 7.76 2.13 -2.32 
Benchmark 70.79 62.76 56.92 52.46 
 
 
Table C.4 Standard Deviation of Φ throughout a Small Volume 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz 
Frequency Dependent 0.58 0.50 0.44 0.47 
5-6 kHz 0.60 0.50 0.52 4.23 
6-7.5 kHz 1.42 0.71 0.47 0.60 












Table C.5 Percentile Tables for ∆ throughout a Small Volume using Frequency 
Dependent Set of Coefficients 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.14 -0.98 -0.52 -0.07 0.33 0.99 1.37 
4.5 kHz -1.43 -0.99 -0.25 0.09 0.40 0.75 0.96 
6 kHz -1.54 -0.86 -0.34 -0.01 0.25 0.61 1.00 
7.5 kHz -1.24 -0.82 -0.32 0.03 0.36 0.76 1.15 
 
 
Table C.6 Percentile Tables for ∆ throughout a Small Volume using a Set of Coefficients 
Optimized for a Frequency Domain of 5-6 kHz 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz 10.39 10.98 11.41 11.85 12.29 12.93 13.39 
4.5 kHz 2.36 2.85 3.57 3.93 4.23 4.59 4.82 
6 kHz -4.09 -2.65 -2.17 -1.85 -1.57 -1.12 0.46 
7.5 kHz -23.98 -14.59 -7.46 -6.23 -4.64 0.63 3.76 
 
 
Table C.7 Percentile Tables for ∆ throughout a Small Volume using a Set of Coefficients 
Optimized for a Frequency Domain of 6-7.5 kHz 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz 12.24 13.29 14.96 15.84 16.91 18.09 18.89 
4.5 kHz 5.29 6.37 7.39 7.84 8.26 8.71 9.12 
6 kHz 0.80 1.26 1.84 2.18 2.48 2.86 3.07 
7.5 kHz -4.83 -3.25 -2.69 -2.29 -1.96 -1.38 -0.04 
 
 
Table C.8 Percentile Tables for ∆ throughout a Small Volume using a Benchmark Set of 
Coefficients 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz 68.46 69.56 70.33 70.74 71.29 72.11 72.93 
4.5 kHz 60.81 61.70 62.36 62.81 63.19 63.64 64.00 
6 kHz 55.10 55.97 56.55 56.95 57.28 57.78 58.41 









Table C.9 Percentile Tables for Φ throughout a Small Volume using Frequency 
Dependent Set of Coefficients 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.052 -0.039 -0.019 -0.001 0.020 0.046 0.056 
4.5 kHz -0.046 -0.037 -0.016 0.000 0.017 0.037 0.045 
6 kHz -0.038 -0.027 -0.013 -0.001 0.012 0.028 0.045 
7.5 kHz -0.058 -0.037 -0.012 0.003 0.018 0.041 0.062 
 
 
Table C.10 Percentile Tables for Φ throughout a Small Volume using a Set of 
Coefficients Optimized for a Frequency Domain of 5-6 kHz 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.052 -0.037 -0.010 0.009 0.028 0.056 0.078 
4.5 kHz -0.042 -0.033 -0.011 0.004 0.021 0.043 0.054 
6 kHz -0.058 -0.036 -0.017 -0.004 0.010 0.028 0.079 
7.5 kHz -0.625 -0.451 -0.098 -0.010 0.053 0.371 0.726 
 
 
Table C.11 Percentile Tables for Φ throughout a Small Volume using a Set of 
Coefficients Optimized for a Frequency Domain of 6-7.5 kHz 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.207 -0.157 -0.083 -0.008 0.052 0.127 0.203 
4.5 kHz -0.129 -0.057 -0.013 0.008 0.027 0.052 0.099 
6 kHz -0.076 -0.027 -0.011 0.001 0.013 0.030 0.048 
7.5 kHz -0.226 -0.043 -0.016 -0.001 0.016 0.045 0.129 
 
 
Table C.12 Percentile Tables for Φ throughout a Small Volume using a Benchmark Set 
of Coefficients 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.635 -1.602 -1.561 -1.539 -1.518 -1.473 -1.448 
4.5 kHz -1.605 -1.590 -1.567 -1.545 -1.525 -1.499 -1.471 
6 kHz 4.665 4.694 4.714 4.730 4.742 4.770 4.789 









Table C.13 Mean of ∆ throughout a Large Volume for Shading Coefficients Optimized 
with M Random Points 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
50 Points -0.01 0.01 -0.19 -0.05 
100 Points -0.11 -0.03 0.04 -0.03 
200 Points -0.11 -0.02 -0.03 -0.02 
350 Points -0.02 -0.03 0.00 0.00 
 
 
Table C.14 Standard Deviation of ∆ throughout a Large Volume for Shading Coefficients 
Optimized with M Random Points 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
50 Points 0.73 0.64 0.64 0.61 
100 Points 0.74 0.60 0.57 0.54 
200 Points 0.72 0.59 0.56 0.51 
350 Points 0.70 0.58 0.55 0.51 
 
 
Table C.15 Mean of Φ throughout a Large Volume for Shading Coefficients Optimized 
with M Random Points 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
50 Points 0.002 0.000 0.006 -0.004 
100 Points -0.004 0.004 -0.002 -0.001 
200 Points -0.005 0.003 -0.001 0.000 
350 Points -0.004 0.001 0.001 0.002 
 
 
Table C.16 Standard Deviation of Φ throughout a Large Volume for Shading Coefficients 
Optimized with M Random Points 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
50 Points 0.051 0.029 0.024 0.025 
100 Points 0.051 0.025 0.023 0.024 
200 Points 0.051 0.024 0.021 0.022 









Table C.17 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized with 50 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.93 -1.18 -0.53 -0.01 0.48 1.19 2.21 
4.5 kHz -2.01 -1.01 -0.48 0.03 0.49 1.00 2.60 
6 kHz -2.26 -1.28 -0.61 -0.16 0.28 0.83 1.49 
7.5 kHz -2.81 -1.11 -0.43 -0.02 0.37 0.86 2.41 
 
 
Table C.18 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized with 100 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -2.33 -1.38 -0.57 -0.08 0.36 1.02 2.09 
4.5 kHz -2.01 -0.96 -0.50 -0.02 0.42 0.92 2.01 
6 kHz -1.40 -0.89 -0.38 0.03 0.46 1.01 1.57 
7.5 kHz -1.63 -1.00 -0.39 -0.01 0.36 0.78 1.32 
 
 
Table C.19 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized with 200 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -2.13 -1.32 -0.58 -0.06 0.34 1.14 1.98 
4.5 kHz -2.06 -0.93 -0.45 -0.03 0.44 0.92 1.31 
6 kHz -1.56 -0.94 -0.41 -0.03 0.37 0.91 1.42 
7.5 kHz -1.52 -0.91 -0.35 0.01 0.32 0.78 1.26 
 
 
Table C.20 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized with 350 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.95 -1.19 -0.45 0.02 0.42 1.16 2.20 
4.5 kHz -1.76 -0.93 -0.47 -0.02 0.42 0.91 1.57 
6 kHz -1.51 -0.87 -0.41 -0.01 0.41 0.93 1.35 









Table C.21 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized with 50 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.098 -0.064 -0.034 -0.011 0.032 0.109 0.160 
4.5 kHz -0.133 -0.050 -0.018 0.002 0.019 0.042 0.097 
6 kHz -0.101 -0.036 -0.011 0.005 0.023 0.047 0.077 
7.5 kHz -0.089 -0.045 -0.022 -0.005 0.013 0.036 0.072 
 
 
Table C.22 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized with 100 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.102 -0.069 -0.039 -0.015 0.023 0.101 0.146 
4.5 kHz -0.092 -0.035 -0.012 0.004 0.021 0.045 0.079 
6 kHz -0.113 -0.040 -0.017 -0.001 0.014 0.035 0.056 
7.5 kHz -0.107 -0.039 -0.018 0.000 0.017 0.037 0.060 
 
 
Table C.23 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized with 200 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.105 -0.072 -0.042 -0.016 0.020 0.099 0.137 
4.5 kHz -0.066 -0.036 -0.013 0.003 0.019 0.045 0.068 
6 kHz -0.081 -0.035 -0.015 -0.001 0.014 0.035 0.062 
7.5 kHz -0.063 -0.036 -0.016 -0.001 0.017 0.036 0.053 
 
 
Table C.24 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized with 200 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.099 -0.069 -0.038 -0.015 0.023 0.103 0.149 
4.5 kHz -0.068 -0.036 -0.015 0.001 0.017 0.040 0.074 
6 kHz -0.075 -0.032 -0.014 0.000 0.016 0.035 0.057 









Table C.25 Mean of ∆ throughout a Large Volume for Shading Coefficients Optimized at 
an Offset Distance 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
0.25 meter -0.12 -0.05 0.01 -0.01 
0.5 meter -0.07 -0.04 -0.05 -0.03 
1 meter 0.04 -0.08 -0.06 -0.03 
2 meter -0.05 -0.03 -0.07 -0.04 
 
 
Table C.26 Standard Deviation of ∆ throughout a Large Volume for Shading Coefficients 
Optimized at an Offset Distance 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
0.25 meter 0.59 0.53 0.50 0.50 
0.5 meter 0.60 0.56 0.49 0.50 
1 meter 0.68 0.56 0.55 0.49 
2 meter 1.05 0.51 0.53 0.61 
 
 
Table C.27 Mean of Φ throughout a Large Volume for Shading Coefficients Optimized at 
an Offset Distance 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
0.25 meter -0.001 0.001 0.000 0.001 
0.5 meter -0.004 0.001 0.003 0.000 
1 meter -0.002 0.002 0.000 0.002 
2 meter 0.008 -0.004 0.001 0.001 
 
 
Table C.28 Standard Deviation of Φ throughout a Large Volume for Shading Coefficients 
Optimized with M Random Points 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
0.25 meter 0.034 0.024 0.021 0.022 
0.5 meter 0.039 0.022 0.020 0.022 
1 meter 0.047 0.022 0.022 0.021 









Table C.29 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized for a 0.25 Meter Offset 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.39 -1.09 -0.64 -0.04 0.35 0.75 0.94 
4.5 kHz -1.34 -0.94 -0.42 0.01 0.30 0.78 1.25 
6 kHz -1.23 -0.99 -0.27 0.03 0.36 0.75 1.20 
7.5 kHz -1.52 -0.92 -0.36 0.06 0.34 0.77 1.02 
 
 
Table C.30 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized for a 0.5 Meter Offset 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.51 -1.10 -0.52 0.03 0.38 0.77 1.45 
4.5 kHz -1.48 -0.97 -0.41 0.06 0.33 0.81 1.20 
6 kHz -1.48 -0.81 -0.42 -0.07 0.30 0.75 1.18 
7.5 kHz -1.36 -0.97 -0.31 0.03 0.32 0.70 0.90 
 
 
Table C.31 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized for a 1 Meter Offset 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.68 -1.19 -0.39 0.10 0.49 1.10 2.12 
4.5 kHz -1.30 -0.92 -0.56 -0.10 0.30 0.87 1.11 
6 kHz -1.28 -0.95 -0.44 -0.05 0.30 0.87 1.28 
7.5 kHz -1.26 -0.97 -0.31 0.03 0.33 0.66 1.12 
 
 
Table C.32 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized for a 2 Meter Offset 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -2.69 -1.78 -0.68 -0.10 0.62 1.77 2.26 
4.5 kHz -1.35 -0.95 -0.38 0.05 0.37 0.69 0.84 
6 kHz -1.51 -0.82 -0.46 -0.11 0.34 0.85 1.07 









Table C.33 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized for a 0.25 Meter Offset 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.063 -0.048 -0.025 -0.005 0.017 0.069 0.113 
4.5 kHz -0.050 -0.033 -0.019 -0.002 0.017 0.042 0.056 
6 kHz -0.066 -0.036 -0.017 -0.001 0.016 0.031 0.049 
7.5 kHz -0.065 -0.035 -0.013 0.001 0.018 0.035 0.050 
 
 
Table C.34 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized for a 0.5 Meter Offset 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.062 -0.054 -0.031 -0.012 0.017 0.080 0.126 
4.5 kHz -0.045 -0.033 -0.016 -0.001 0.017 0.039 0.055 
6 kHz -0.048 -0.030 -0.010 0.004 0.018 0.038 0.046 
7.5 kHz -0.064 -0.036 -0.017 0.000 0.017 0.037 0.053 
 
 
Table C.35 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized for a 1 Meter Offset 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.072 -0.062 -0.036 -0.012 0.021 0.099 0.142 
4.5 kHz -0.049 -0.035 -0.013 0.002 0.018 0.038 0.057 
6 kHz -0.051 -0.034 -0.018 0.001 0.014 0.038 0.049 
7.5 kHz -0.055 -0.035 -0.012 0.002 0.018 0.032 0.049 
 
 
Table C.36 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized for a 2 Meter Offset 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.072 -0.062 -0.036 -0.012 0.021 0.099 0.142 
4.5 kHz -0.049 -0.035 -0.013 0.002 0.018 0.038 0.057 
6 kHz -0.051 -0.034 -0.018 0.001 0.014 0.038 0.049 




APPENDIX D: STATISTICS TABLES FOR CYLINDRICAL ARRAY 
 
 
Table D.1 Mean of ∆ throughout a Small Volume 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz 
Frequency Dependent 0.51 0.71 0.95 1.40 
5-6 kHz 1.97 0.67 0.56 4.65 
6-7.5 kHz 1.21 0.97 0.52 0.67 
Benchmark 0.80 0.97 1.00 2.49 
 
 
Table D.2 Standard Deviation of ∆ throughout a Small Volume 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz 
Frequency Dependent 0.51 0.71 0.95 1.40 
5-6 kHz 1.97 0.67 0.56 4.65 
6-7.5 kHz 1.21 0.97 0.52 0.67 
Benchmark 0.80 0.97 1.00 2.49 
 
 
Table D.3 Mean of Φ throughout a Small Volume 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz 
Frequency Dependent -0.003 0.000 0.003 -0.006 
5-6 kHz 0.083 0.006 -0.005 -0.020 
6-7.5 kHz 0.058 0.012 0.004 -0.006 
Benchmark -2.191 4.073 -2.233 4.043 
 
 
Table D.4 Standard Deviation of Φ throughout a Small Volume 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz 
Frequency Dependent 0.026 0.023 0.038 0.052 
5-6 kHz 0.142 0.027 0.023 0.234 
6-7.5 kHz 0.096 0.041 0.023 0.037 












Table D.5 Percentile Tables for ∆ throughout a Small Volume using a Frequency 
Dependent Set of Coefficients 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.58 -0.81 -0.38 0.02 0.38 0.80 1.19 
4.5 kHz -2.94 -1.11 -0.54 -0.07 0.44 1.06 2.47 
6 kHz -5.41 -1.71 -0.53 -0.03 0.30 0.91 2.05 
7.5 kHz -10.49 -2.55 -0.41 -0.05 0.28 1.00 2.57 
 
 
Table D.6 Percentile Tables for ∆ throughout a Small Volume using a Set of Coefficients 
Optimized for a Frequency Domain of 5-6 kHz 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz 6.31 10.02 11.62 12.49 14.24 16.51 18.15 
4.5 kHz 2.37 2.88 3.39 3.94 4.41 4.99 5.97 
6 kHz -3.28 -2.77 -2.02 -1.60 -1.31 -0.96 0.56 
7.5 kHz -28.85 -11.13 -6.71 -5.85 -3.02 3.40 5.00 
 
 
Table D.7 Percentile Tables for ∆ throughout a Small Volume using a Set of Coefficients 
Optimized for a Frequency Domain of 6-7.5 kHz 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz 11.12 14.55 15.58 16.51 17.21 18.34 19.71 
4.5 kHz 4.94 5.78 6.86 7.62 8.22 9.08 10.03 
6 kHz -0.12 1.23 1.78 2.19 2.45 2.91 3.39 
7.5 kHz -6.80 -3.22 -2.53 -2.21 -1.89 -1.22 0.58 
 
 
Table D.8 Percentile Tables for ∆ throughout a Small Volume using a Benchmark Set of 
Coefficients 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz 58.36 58.99 60.18 60.71 61.17 61.76 62.65 
4.5 kHz 51.72 52.54 53.29 54.10 54.76 55.71 56.58 
6 kHz 46.56 47.81 48.87 49.53 50.16 51.16 52.36 









Table D.9 Percentile Tables for Φ throughout a Small Volume using a Frequency 
Dependent Set of Coefficients 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.094 -0.046 -0.021 -0.001 0.013 0.038 0.075 
4.5 kHz -0.105 -0.036 -0.015 0.001 0.017 0.034 0.079 
6 kHz -0.154 -0.043 -0.017 0.000 0.018 0.072 0.201 
7.5 kHz -0.264 -0.114 -0.016 -0.001 0.016 0.067 0.172 
 
 
Table D.10 Percentile Tables for Φ throughout a Small Volume using a Set of 
Coefficients Optimized for a Frequency Domain of 5-6 kHz 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.116 -0.088 -0.019 0.050 0.151 0.396 0.557 
4.5 kHz -0.059 -0.033 -0.012 0.006 0.022 0.040 0.170 
6 kHz -0.095 -0.044 -0.018 -0.004 0.013 0.029 0.049 
7.5 kHz -0.815 -0.441 -0.056 -0.006 0.036 0.378 0.860 
 
 
Table D.11 Percentile Tables for Φ throughout a Small Volume using a Set of 
Coefficients Optimized for a Frequency Domain of 6-7.5 kHz 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.101 -0.073 -0.015 0.045 0.112 0.258 0.347 
4.5 kHz -0.118 -0.067 -0.012 0.014 0.037 0.072 0.104 
6 kHz -0.092 -0.030 -0.010 0.004 0.020 0.040 0.071 
7.5 kHz -0.203 -0.065 -0.019 -0.004 0.010 0.039 0.205 
 
 
Table D.12 Percentile Tables for Φ throughout a Small Volume using a Benchmark Set 
of Coefficients 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -2.480 -2.399 -2.276 -2.152 -2.106 -2.062 -2.017 
4.5 kHz 3.700 3.836 3.991 4.120 4.170 4.210 4.263 
6 kHz -2.658 -2.522 -2.344 -2.194 -2.117 -2.066 -1.977 









Table D.13 Mean of ∆ throughout a Large Volume for Shading Coefficients Optimized 
with M Random Points 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
50 Points -0.20 -0.27 -0.15 -1.14 
100 Points -0.08 -0.02 0.03 -0.15 
200 Points -0.13 0.03 -0.01 -0.78 
350 Points -0.06 -0.01 0.01 -0.55 
 
 
Table D.14 Standard Deviation of ∆ throughout a Large Volume for Shading Coefficients 
Optimized with M Random Points 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
50 Points 0.79 0.87 1.17 5.16 
100 Points 0.68 0.60 0.78 2.53 
200 Points 0.60 0.56 0.66 4.60 
350 Points 0.59 0.52 0.57 3.75 
 
 
Table D.15 Mean of Φ throughout a Large Volume for Shading Coefficients Optimized 
with M Random Points 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
50 Points -0.002 0.001 -0.006 0.061 
100 Points 0.001 0.000 -0.003 0.110 
200 Points 0.000 -0.003 -0.003 0.048 
350 Points -0.004 -0.001 0.000 0.000 
 
 
Table D.16 Standard Deviation of Φ throughout a Large Volume for Shading Coefficients 
Optimized with M Random Points 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
50 Points 0.043 0.038 0.044 0.322 
100 Points 0.040 0.025 0.036 0.792 
200 Points 0.038 0.024 0.031 0.556 









Table D.17 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized with 50 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -3.13 -1.58 -0.68 -0.09 0.35 1.01 1.70 
4.5 kHz -4.46 -1.69 -0.65 -0.22 0.22 0.82 3.98 
6 kHz -7.57 -2.23 -0.53 0.01 0.50 1.19 2.82 
7.5 kHz -38.52 -8.91 -1.66 -0.26 1.00 3.03 17.40 
 
 
Table D.18 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized with 100 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -3.26 -1.15 -0.54 -0.08 0.39 0.98 2.66 
4.5 kHz -2.44 -1.01 -0.39 0.00 0.36 0.94 1.95 
6 kHz -5.54 -1.08 -0.35 0.07 0.42 1.15 5.98 
7.5 kHz -29.34 -3.87 -0.59 0.09 0.75 2.04 14.14 
 
 
Table D.19 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized with 200 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.67 -1.15 -0.57 -0.10 0.30 0.79 2.10 
4.5 kHz -1.92 -0.89 -0.34 0.06 0.42 0.93 1.88 
6 kHz -4.47 -1.05 -0.41 0.00 0.37 0.96 5.07 
7.5 kHz -53.81 -6.03 -0.97 -0.01 0.63 3.05 10.72 
 
 
Table D.20 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized with 350 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.42 -1.06 -0.50 -0.01 0.38 0.81 1.93 
4.5 kHz -1.69 -0.89 -0.34 0.01 0.36 0.83 1.65 
6 kHz -2.33 -0.94 -0.32 0.02 0.36 0.85 3.80 









Table D.21 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized with 50 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.144 -0.067 -0.030 -0.006 0.023 0.079 0.149 
4.5 kHz -0.192 -0.057 -0.022 0.000 0.021 0.064 0.164 
6 kHz -0.337 -0.069 -0.025 -0.004 0.020 0.052 0.109 
7.5 kHz -1.032 -0.172 -0.039 0.019 0.077 0.399 3.086 
 
 
Table D.22 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized with 100 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.139 -0.055 -0.025 -0.004 0.019 0.080 0.152 
4.5 kHz -0.119 -0.042 -0.016 0.001 0.015 0.039 0.076 
6 kHz -0.394 -0.051 -0.021 -0.002 0.014 0.043 0.232 
7.5 kHz -0.941 -0.114 -0.035 0.006 0.047 0.171 6.961 
 
 
Table D.23 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized with 200 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.100 -0.051 -0.025 -0.005 0.019 0.078 0.140 
4.5 kHz -0.131 -0.041 -0.018 -0.003 0.012 0.034 0.070 
6 kHz -0.218 -0.044 -0.019 -0.001 0.015 0.038 0.259 
7.5 kHz -2.421 -0.174 -0.022 0.017 0.050 0.171 6.733 
 
 
Table D.24 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized with 200 Random Points 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.108 -0.055 -0.029 -0.009 0.014 0.073 0.139 
4.5 kHz -0.101 -0.035 -0.017 -0.002 0.014 0.036 0.058 
6 kHz -0.168 -0.039 -0.014 0.002 0.016 0.038 0.092 









Table D.25 Mean of ∆ throughout a Large Volume for Shading Coefficients Optimized for 
a Number of Line Arrays 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
20 lines -0.12 -0.13 -0.44 -1.42 
30 lines -0.06 -0.04 -0.03 -0.40 
40 lines -0.05 -0.07 -0.01 -0.14 
 
 
Table D.26 Standard Deviation of ∆ throughout a Large Volume for Shading Coefficients 
Optimized for a Number of Line Arrays 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
20 lines 1.00 1.16 1.93 4.52 
30 lines 0.61 0.47 0.53 2.65 
40 lines 0.62 0.50 0.49 1.74 
 
 
Table D.27 Mean of Φ throughout a Large Volume for Shading Coefficients Optimized 
for a Number of Line Arrays 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
20 lines -0.004 0.003 0.002 -0.022 
30 lines -0.003 0.000 0.000 -0.003 
40 lines -0.001 0.001 0.001 0.001 
 
 
Table D.28 Standard Deviation of Φ throughout a Large Volume for Shading Coefficients 
Optimized for a Number of Line Arrays 
 3 kHz 4.5 kHz 6 kHz 7.5 kHz
20 lines 0.056 0.062 0.115 0.212 
30 lines 0.035 0.020 0.025 0.073 











Table D.29 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized for 20 Line Arrays 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -3.58 -1.68 -0.66 -0.09 0.49 1.44 2.84 
4.5 kHz -4.02 -2.46 -0.62 -0.01 0.61 1.47 3.14 
6 kHz -7.12 -4.64 -1.21 -0.21 0.79 2.25 3.30 
7.5 kHz -21.58 -11.49 -1.88 -0.26 1.19 2.94 6.53 
 
 
Table D.30 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized for 30 Line Arrays 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.39 -1.15 -0.43 0.08 0.36 0.80 1.58 
4.5 kHz -1.43 -0.79 -0.44 0.01 0.29 0.67 1.14 
6 kHz -1.58 -1.00 -0.38 -0.02 0.34 0.89 1.25 
7.5 kHz -20.88 -3.70 -0.58 0.00 0.53 1.44 8.60 
 
 
Table D.31 Percentile Tables for ∆ throughout a Large Volume using Shading 
Coefficients Optimized for 40 Line Arrays 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -1.68 -1.19 -0.39 0.10 0.49 1.10 2.12 
4.5 kHz -1.30 -0.92 -0.56 -0.10 0.30 0.87 1.11 
6 kHz -1.28 -0.95 -0.44 -0.05 0.30 0.87 1.28 
7.5 kHz -1.26 -0.97 -0.31 0.03 0.33 0.66 1.12 
 
 
Table D.32 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized for 20 Line Arrays 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.252 -0.084 -0.030 -0.007 0.026 0.088 0.166 
4.5 kHz -0.376 -0.077 -0.020 0.008 0.036 0.073 0.234 
6 kHz -0.657 -0.154 -0.035 0.015 0.066 0.128 0.396 
7.5 kHz -1.190 -0.438 -0.072 -0.002 0.090 0.212 0.576 









Table D.33 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized for 30 Line Arrays 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.072 -0.046 -0.027 -0.011 0.013 0.063 0.117 
4.5 kHz -0.058 -0.030 -0.014 0.000 0.013 0.035 0.046 
6 kHz -0.133 -0.032 -0.016 -0.001 0.015 0.037 0.104 
7.5 kHz -0.695 -0.085 -0.029 -0.002 0.023 0.082 0.379 
 
 
Table D.34 Percentile Tables for Φ throughout a Large Volume using Shading 
Coefficients Optimized for 40 Line Arrays 
 0th 5th 25th 50th 75th 95th 100th 
3 kHz -0.059 -0.048 -0.024 -0.005 0.013 0.077 0.129 
4.5 kHz -0.041 -0.028 -0.014 -0.001 0.013 0.033 0.052 
6 kHz -0.049 -0.027 -0.013 0.001 0.012 0.033 0.043 
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